Introduction and statement of results {#Sec1}
=====================================

The arithmetic Kakeya conjecture, sometimes known as the sums-differences conjecture, was formulated by Katz and Tao around fifteen years ago. It is a purely additive-combinatorial statement which, if true, would have a deep geometric consequence---that the Minkowski dimension of Besicovitch sets in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {R}}^n$$\end{document}$ is *n*. This is the celebrated Kakeya conjecture, discussed at length in many places: for an introduction see \[[@CR21]\].

The arithmetic Kakeya conjecture is mentioned explicitly[1](#Fn1){ref-type="fn"} in \[[@CR20]\]. One of the main aims of this paper is to give a number of equivalent forms of the conjecture. Here is probably the simplest formulation. It is not the original one of Katz and Tao, which is Conjecture [1.3](#FPar3){ref-type="sec"} below.

Conjecture 1.1 {#FPar1}
--------------

Let *k*, *N* be positive integers. Write $\documentclass[12pt]{minimal}
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                \begin{document}$$F_k(N)$$\end{document}$ for the size of the smallest set of integers containing, for each $\documentclass[12pt]{minimal}
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                \begin{document}$$d \in \{1,\dots , N\}$$\end{document}$, a *k*-term arithmetic progression with common difference *d*. Then$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lim _{k \rightarrow \infty } \lim _{N \rightarrow \infty } \frac{\log F_k(N)}{\log N} = 1. \end{aligned}$$\end{document}$$

This conjecture was raised by the second author as \[[@CR17], Conjecture 4.2\], but no links to the Kakeya problem were mentioned there.

We turn now to arguably the most natural of our formulations, concerning the entropy of random variables. As usual, the entropy $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathbf {H}}(\mathsf {X}) := -\sum _{x} {\mathbf {P}}(\mathsf {X}= x) \log {\mathbf {P}}(\mathsf {X}= x), \end{aligned}$$\end{document}$$where *x* ranges over all values taken by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {X}$$\end{document}$.

Conjecture 1.2 {#FPar2}
--------------
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                \begin{document}$$-1$$\end{document}$, such that for any two real-valued random variables $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {Y}$$\end{document}$ taking only finitely many values we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathbf {H}}(\mathsf {X}- \mathsf {Y}) \leqslant (1 + \varepsilon ) \sup _j {\mathbf {H}}(\mathsf {X}+ r_j \mathsf {Y}). \end{aligned}$$\end{document}$$

Next we give the original form of the conjecture discussed by Katz and Tao. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$A \subset {\mathbf {Z}}\times {\mathbf {Z}}$$\end{document}$ be a finite set. For rational *r* we write $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _r(A) := \{ x + ry : (x,y) \in A\}$$\end{document}$. We also write $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi _{\infty }(A) := \{ y : (x,y) \in A\}$$\end{document}$.

Conjecture 1.3 {#FPar3}
--------------
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                \begin{document}$$A \subset {\mathbf {Z}}\times {\mathbf {Z}}$$\end{document}$.

Our fourth conjecture has not, so far as we are aware, appeared explicitly in the literature before. It is in fact a whole family of conjectures, one for each natural number *n*; however, we will later show that all of these are equivalent.

Conjecture 1.4 {#FPar4}
--------------

(*n*) Let *k* be a positive integer. If *p* is a prime, let $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{k,n}(p)$$\end{document}$ denote the size of the smallest set containing, for every $\documentclass[12pt]{minimal}
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                \begin{document}$$d \in {\mathbf {F}}_p^n {\setminus } \{0\}$$\end{document}$, a *k*-term progression with common difference *d*. Then$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lim _{k \rightarrow \infty } \lim _{p \rightarrow \infty } \frac{\log f_{n,k}(p)}{\log p} = n. \end{aligned}$$\end{document}$$

Remarks {#FPar5}
-------
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                \begin{document}$${\mathbf {F}}_p^n$$\end{document}$, that is to say a set containing a full line in every direction. Since $\documentclass[12pt]{minimal}
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                \begin{document}$$p^{n - o_{p\rightarrow \infty }(1)}$$\end{document}$. This is known to be true, a celebrated result of Dvir \[[@CR5]\]. However, the only known arguments use the "polynomial method" (see, for example, \[[@CR11], [@CR22]\] for modern introductions). This very strongly hints that any proof of Conjecture [1.4](#FPar4){ref-type="sec"} (and hence, by our main theorem, of the other conjectures) would have to use some form of the polynomial method.

Our fifth and final conjecture is included mainly for historical interest, as it relates very closely to a question asked by Erdős and Selfridge in the 1970s, well before the current wave of interest in the Kakeya problem and related matters.

Conjecture 1.5 {#FPar6}
--------------

Fix a positive integer *k*. Then, uniformly for all positive integers *N*, all finite sets $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \# \big ( I \cap \bigcup _{i = 1}^N p_i {\mathbf {Z}}\big ) \gg _k N^{1 - \gamma _k}. \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$k \rightarrow \infty $$\end{document}$.

Remark {#FPar7}
------

Erdős and Selfridge \[[@CR8], §6\] in fact asked whether or not one can take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma _k = 0$$\end{document}$. The second-named author \[[@CR16]\] showed that the answer is negative, and in fact we must have $\documentclass[12pt]{minimal}
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As previously stated, our main result is the equivalence of the five conjectures stated above.

Theorem 1.6 {#FPar8}
-----------

Conjectures [1.1](#FPar1){ref-type="sec"}, [1.2](#FPar2){ref-type="sec"}, [1.3](#FPar3){ref-type="sec"}, [1.4](#FPar4){ref-type="sec"}(*n*) (for each $\documentclass[12pt]{minimal}
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                \begin{document}$$n = 1,2,3,\dots $$\end{document}$) and [1.5](#FPar6){ref-type="sec"} are all equivalent.

Let us make some further remarks.Once Theorem [1.6](#FPar8){ref-type="sec"} is proven, it seems natural to use the term "arithmetic Kakeya conjecture" to refer to any one of the five conjectures.It is known that Conjecture [1.3](#FPar3){ref-type="sec"} (and hence all the other conjectures) implies that the upper Minkowski dimension of any Besicovitch set[3](#Fn3){ref-type="fn"} in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {R}}^n$$\end{document}$ is *n*, a statement often referred to as the *Kakeya conjecture*. This follows by a straightforward generalisation of the "slicing" argument of Bourgain \[[@CR4]\]: a sketch of this may be found in \[[@CR21]\]. However, Bourgain \[[@CR2], [@CR3]\] observed that, in the notation of Conjecture [1.1](#FPar1){ref-type="sec"}, if the statement $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lim _{N \rightarrow \infty } \frac{\log F_{N^{\eta }}(N)}{\log N} \geqslant 1 \end{aligned}$$\end{document}$$ is true for all $\documentclass[12pt]{minimal}
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                \begin{document}$$F_k(N)$$\end{document}$ is a nondecreasing function of *k*, ([1.1](#Equ1){ref-type=""}) is immediately implied by Conjecture [1.1](#FPar1){ref-type="sec"}, whilst an implication in the reverse direction seems very unlikely without resolving both conjectures. In this sense, the arithmetic Kakeya conjecture should be considered a *strictly* harder problem than the Kakeya conjecture.The equivalence of Conjectures [1.2](#FPar2){ref-type="sec"} and [1.3](#FPar3){ref-type="sec"} was proven by the second author in \[[@CR18]\] (see also \[[@CR14]\]). We are not aware of any references for the other implications.Now we discuss the other results in the paper. First, we establish a lower bound showing that the convergence in Theorem 1, if it occurs, is very slow.

Theorem 1.7 {#FPar9}
-----------

In the notation of Conjecture [1.1](#FPar1){ref-type="sec"}, we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lim _{N \rightarrow \infty } \frac{\log F_k(N)}{\log N} \leqslant 1- \frac{c}{\log \log k}, \end{aligned}$$\end{document}$$where the constant $\documentclass[12pt]{minimal}
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Second, we show that a finite field variant of Conjecture [1.2](#FPar2){ref-type="sec"}*is* true. Write $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {F}}_p^{\infty } := \bigcup _{n = 1}^{\infty } {\mathbf {F}}_p^n$$\end{document}$.

Theorem 1.8 {#FPar10}
-----------
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                \begin{document}$$\begin{aligned} {\mathbf {H}}(\mathsf {X}- \mathsf {Y}) \leqslant \left( 1 + O\left( \frac{1}{\log p}\right) \right) \sup _{r \in {\mathbf {F}}_p \cup \{\infty \} {\setminus } \{-1\}} {\mathbf {H}}(\mathsf {X}+ r \mathsf {Y}). \end{aligned}$$\end{document}$$Here, the constant in the *O*() notation is absolute.
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                \begin{document}$$O(\frac{1}{\log p})$$\end{document}$ term is best possible, as we remark in Sect. [6](#Sec6){ref-type="sec"}.

We neither discuss nor make progress on partial results towards any of Conjectures [1.1](#FPar1){ref-type="sec"}, [1.2](#FPar2){ref-type="sec"}, [1.3](#FPar3){ref-type="sec"}, [1.4](#FPar4){ref-type="sec"} or [1.5](#FPar6){ref-type="sec"}. We believe that the best value of $\documentclass[12pt]{minimal}
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*Notation.* Most of our notation is quite standard. We use $\documentclass[12pt]{minimal}
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                \begin{document}$$\# X$$\end{document}$ for the cardinality of a set *X*. Occasionally, if *A* is a set in some abelian group and *k* is an integer we will write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \cdot A$$\end{document}$ to mean $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{ ka : a \in A\}$$\end{document}$.

Progressions, projections and entropy {#Sec2}
=====================================

In this section we establish around half of Theorem [1.6](#FPar8){ref-type="sec"} by proving that the first three conjectures mentioned in the introduction are equivalent. Whilst at a local level the arguments are a mix of fairly unexciting linear algebra and standard tools such as Freiman isomorphisms, random projections and taking tensor powers, the large number of them makes the proof of Theorem [1.6](#FPar8){ref-type="sec"} somewhat lengthy.

It is convenient to proceed by first showing that Conjectures [1.1](#FPar1){ref-type="sec"}, [1.3](#FPar3){ref-type="sec"} and [1.2](#FPar2){ref-type="sec"} are equivalent. In the course of doing so, and for later use, it is convenient to introduce a further conjecture, apparently stronger than Conjecture [1.1](#FPar1){ref-type="sec"} but, as it turns out, equivalent to it.

**Conjecture 1'.** Let *k* be a positive integer. Write $\documentclass[12pt]{minimal}
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*Conjecture* [1.3](#FPar3){ref-type="sec"}*implies Conjecture* [1.2](#FPar2){ref-type="sec"}. This implication is essentially given in \[[@CR18]\]. The notation there takes a little unpicking and the proof is short, so we repeat the argument.
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This completes the proof that Conjectures [1.1](#FPar1){ref-type="sec"}, 1', [1.2](#FPar2){ref-type="sec"} and [1.3](#FPar3){ref-type="sec"} are equivalent.

Finite fields {#Sec3}
=============
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It is quite interesting that the innocent-looking statement ([3.5](#Equ14){ref-type=""}) implies two famous unsolved problems in completely different mathematical areas.

A problem of Erdős and Selfridge {#Sec4}
================================

Finally, we turn to Conjecture [1.5](#FPar6){ref-type="sec"}. In fact, we prove the following rather tight connection between Conjecture 1' and Conjecture [1.5](#FPar6){ref-type="sec"}.
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---------------
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Proof {#FPar14}
-----
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Remark {#FPar15}
------

The use of the theorem of the first author and Tao is a little excessive. One could do without it using simpler arguments if one was prepared to settle for logarithmic losses.

Small unions of progressions {#Sec5}
============================
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Entropy inequalities in positive characteristic {#Sec6}
===============================================

In this section we give the proof of Theorem [1.8](#FPar10){ref-type="sec"}. Suppose that $\documentclass[12pt]{minimal}
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The initial phases of the argument mirror the deduction of Conjecture [1.2](#FPar2){ref-type="sec"} from Conjecture [1.3](#FPar3){ref-type="sec"}. We may assume that there is some *q* such that $\documentclass[12pt]{minimal}
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Proposition 6.1 {#FPar16}
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It remains to prove Proposition [6.1](#FPar16){ref-type="sec"}.

Proof of Proposition 6.1 {#FPar17}
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Now we bring in bounds on the size of such sets of a strength which, famously, are available in the finite field setting but not in characteristic zero. By the main result of \[[@CR6]\] we have $\documentclass[12pt]{minimal}
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Remarks {#FPar18}
-------

Note that here it was crucial to have an effective lower bound on the size of Kakeya sets for fixed *p* but with $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathsf {X}= (a + b, ab), \quad \mathsf {Y}= (a + b', ab'). \end{aligned}$$\end{document}$$Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathsf {X}- \mathsf {Y}= (b - b', a(b - b')), \end{aligned}$$\end{document}$$which is almost uniformly distributed on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {F}}_p^2$$\end{document}$: a short calculation gives$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbf {H}}(\mathsf {X}- \mathsf {Y}) = 2 \log p + O\left( \frac{\log p}{p}\right) . \end{aligned}$$\end{document}$$By contrast, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \ne -1$$\end{document}$ then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\mathsf {X}+ r\mathsf {Y}}{1 + r} = \left( a + \frac{b + rb'}{1 + r}, a \cdot \frac{b + rb'}{1 + r} \right) , \end{aligned}$$\end{document}$$and so $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {X}+ r\mathsf {Y}$$\end{document}$ is supported on a dilate of the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V := \{(u + v, uv) : u,v \in {\mathbf {F}}_p\}$$\end{document}$, which has cardinality $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{1}{2}p^2 + O(p)$$\end{document}$. Therefore$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbf {H}}(\mathsf {X}+ r\mathsf {Y}) \leqslant 2 \log p - \log 2 + O\left( \frac{\log p}{p}\right) . \end{aligned}$$\end{document}$$Cognoscenti will recognise *V* as being equivalent to the well-known construction of optimal Kakeya sets in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {F}}_p^2$$\end{document}$, due to Mockenhaupt and Tao \[[@CR15]\].

Appendix A. Covering by translates {#Sec7}
==================================

In this section we review some standard lemmas on random translates.

Lemma 6.2 {#FPar19}
---------

Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S \subset \{1,\dots , X\}$$\end{document}$ is a set. Then there is a set *T* of size $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ll \frac{X}{\# S} \log X$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S + T \supset \{1,\dots , X\}$$\end{document}$.

Proof {#FPar20}
-----

We inductively define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_1,t_2,\dots \in \{-X+1,\dots , X\}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_i := \{1,\dots , X\} {\setminus } \bigcup _{j = 1}^{i}(S + t_j)$$\end{document}$ such that, given the choice of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_1,\dots , t_i$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\# A_{i+1}$$\end{document}$ is as small as possible. We have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _t \# \big (A_i \cap (S + t)\big ) = \# A_i \# S, \end{aligned}$$\end{document}$$and so$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \max _t \# \big (A_i \cap (S + t)\big ) \geqslant \# A_i \frac{\# S}{2X}. \end{aligned}$$\end{document}$$Therefore$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \# A_{i+1} \leqslant \# A_i \left( 1 - \frac{\# S}{2X}\right) . \end{aligned}$$\end{document}$$This process terminates with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\# A_i < 1$$\end{document}$ (and hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\# A_i = 0$$\end{document}$) in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ll \frac{X}{\# S}\log X$$\end{document}$ steps. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Lemma 6.3 {#FPar21}
---------

Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S \subset {\mathbf {F}}_p^n$$\end{document}$ is a set. Then there is a set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T \subset {\mathbf {F}}_p^n$$\end{document}$ of size $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ll \frac{p^n}{\# S} n \log p$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S + T = {\mathbf {F}}_p^n$$\end{document}$.

Proof {#FPar22}
-----

Very similar to the previous lemma, and left as an exercise. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Corollary 6.4 {#FPar23}
-------------

Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A \subset {\mathbf {F}}_p^n$$\end{document}$ is a set containing a *k*-term arithmetic progression with common difference *d*, for all *d* lying in some set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr {D}}$$\end{document}$ of size $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta p^n$$\end{document}$. Then there is a set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A'$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\# A' \ll _{k,n} \log p \cdot \# A$$\end{document}$, containing a *k*-term arithmetic progression with every common difference.

Proof {#FPar24}
-----

Apply Lemma [6.3](#FPar21){ref-type="sec"} with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$$S = {\mathscr {D}}$$\end{document}$, and let *T* be the resulting set. Then take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A' = \bigcup _{x \in \{0\} \cup T \cup \dots \cup (k-1) \cdot T} (A + x)$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

In the earlier paper \[[@CR13], p. 234\] of Katz and Tao, the authors only go so far as to suggest that it is "not too outrageous tentatively to conjecture" this statement. In fact, the conjecture made in \[[@CR20]\] is over fields of "sufficiently large characteristic" (or characteristic zero) whereas this paper provides evidence that it is natural, and simpler, to work only in characteristic zero. We believe that in any case the statements are equivalent but have not bothered to check this carefully.

It is often convenient to "work projectively" and allow the $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$r_i$$\end{document}$ to take values in $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {Q}}\cup \{\infty \}$$\end{document}$, where we define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {X}+ \infty \mathsf {Y}= \mathsf {Y}$$\end{document}$. The two versions of Conjecture [1.2](#FPar2){ref-type="sec"} are equivalent to one another, as may easily be seen by applying a projective transformation such as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {X}' = (a + 1)\mathsf {X}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {Y}' = a\mathsf {X}+ \mathsf {Y}$$\end{document}$ which preserves $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {X}- \mathsf {Y}$$\end{document}$ but moves other rational combinations around.

That is, a compact subset of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbf {R}}^n$$\end{document}$ containing a unit line segment in every direction.

This "cut-and-move" trick is quite standard in the study of the Kakeya problem.
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